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Introduction  

In the previous chapter, it was argued that the conventional geometry of Euclid fails 

to describe many real physical and functional aspects within cities – particularly 

those aspects characterized as organic change. Recent developments in complexity, 

chaos, and fractal theories have opened new windows for the researchers studying 

complex systems, both in their form and in function. These researchers claim that 

cities are to be considered as complex systems demonstrating chaotic behaviour in 

their subsystems; and, hence, the pattern or the geometry which emerges out of such 

chaotic behaviour is fractal not Euclidian. In order to examine the credibility of this 

claim and to verify how a city can be observed as a self-organizing complex system, 

the principles underlying chaos and fractal theories and the way they are related to 

the science of complexity will be discussed in this chapter. 

 

The chapter comprises three main parts. The first part explores the terms, the origin, 

and the main parameters by which the concept behind chaos theory can be defined. 

In the second part, complexity theory and its relationship with chaos theory are 

discussed; then, the literature will be reviewed to investigate the properties and 

characteristics of complex living systems. This review is essential to show why 

cities are to be viewed, studied, and treated as self-organizing complex systems. The 

third part of the chapter will focus on the geometry of complexity – fractals. Some 

examples of fractal phenomena will be discussed to explore the notion of non-

integer fractal dimension as opposed to integer Euclidean dimension. Finally, 

among the methods of measuring fractal dimension, those which will be employed 

at the empirical stage of this research will be explained in more detail. 
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3.1 Part One: Chaos Theory; Literature Review 

3.1.1 Understanding of chaos and complex systems 

The science of chaotic complex systems is relatively new, particularly as applied 

to urban systems. It is, therefore, necessary to begin with an understanding of what 

it means in theory. “Chaos” is one of the key terms in studying complex systems. 

Some classic publications frequently used the term “edge of chaos” to refer the 

tendency of complex systems to self-organize to a state roughly midway between 

globally static (unchanging) and chaotic (random) states. However, the term 

“chaos” has become unpopular with many mathematicians and scientists who, 

instead, find the word “dynamics” to be more appropriate to their own particular 

part of academia (Byrne, 1998). Nonetheless, this chapter refers to the term 

“chaos” firstly because it is a key word in the work of the pioneer scholars who 

developed later the notion of complexity, and secondly because it is more relevant 

to the notion of complexity and has a wider implication than the term “dynamics.” 

 

Experts in chaos and complexity theories precisely reject „reductionism and the 

validity of analytical strategies in which things are reducible to the sum of their 

parts‟ (Byrne, 1998, p.14). Price (1997), however, claims that these theories are 

neither “reductionism” nor “holism” in the conventional sense of the words. 

„Holism typically overlooks the interactions and organization, whereas complexity 

theory pays attention to them‟ (Price, 1997, p.10). Complex system theorists have 

defined it as a science dealing with living structure with emergent properties 

(Wallczek, 2000). This means that the complex system is not created merely by 

interaction of densely coupled systems, or by some magic probabilistic occurrence, 
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but comes into being through the self-organized nature of its own living structure 

(Batty, 2005; and Alexander, 2004). 

 

An important aspect of chaos and complexity is “nonlinearity”. This refers to 

changes that do not occur in a linear fashion in living systems. These systems are 

not characterisable by linear or first-order equations, but by any variety of 

complex, reciprocal relationships, or feedback loops. As Byrne (1998) states, in 

nonlinearity, small changes in causal elements over time do not necessarily 

produce small changes in other particular aspects of the system, or in the 

characteristics of the system as a whole. Either or both may change in ways which 

do not involve just one possible outcome.  

 

A further significant aspect of chaos and complexity – as opposed to mechanical 

models – is “time irreversibility”. In reality, the crucial dimension along which 

change occurs is „time‟. This means that we are dealing with processes, which are 

fundamentally historical (Byrne, 1998). They are not time reversible. Therefore, 

complexity theory involves an explicit rejection of the Newtonian concept in 

which time is reversible (see also Kauffman, 1993; and Philips, 1994). That is why 

some scientists replace the clock – as the iconic symbol of the modern – with the 

heat engine leading to thermodynamics (Prigogine et al, 1984). 

 

Jencks (1997) summarized the history of complexity in figure 3.1 and wrote that, in 

the 19
th

 century, the new sciences of thermodynamics and ecology introduced 

directionality and holism into the equations. „Between 1900 and 1927, quantum and 

relativity theories overturned determinism. In the late 1940s general system theory, 
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plus a series of life sciences and computer sciences started to grow, and by late 

1970s, the trickle become a flood, yielding a new consistent paradigm. Continuing 

the Post-Modern perceptions of cosmos, chaos theory, fractals… have arrived on the 

scene. All this can be generally conceived as the sciences of complexity, or 

nonlinear dynamics, or self-organizing systems‟ (Jencks, 1997, p.124).  

 

 
Figure 3.1: Post-Modern Sciences of Complexity start with a trickle in the 19

th
 century, 

then become an interconnected river delta by the end of 20
th
 century, with nonlinear 

dynamics and chaos theory. (Jencks, 1997, p.124; “Neutral nets” in this figure is 

incorrect, and “Neural nets” would be more appropriate) 
 

Although the concepts of chaos and complex systems are relatively new – less than 

half a century old – they should be understood with a review of modern scientific 

developments in physics, and as most literature suggests, from a little earlier than 

the discovery of linear mechanics and thermodynamics – the scientific revolution of 

the 17
th

 century. This review has adopted the three steps that Gribbin (2004) claims 

to be essential for understanding of chaos\complexity theories: “order out of chaos”, 

“chaos out of order” and “at the edge of chaos”. However, this discussion will also 
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be broadened to other available papers written on complexity where further 

explanations are required. The three steps are elaborated as follows: 

 

3.1.1.1 Step I: Order out of chaos (Linear Dynamics) 

The conventional definition for „chaos‟ based on what people use and as given in 

dictionaries is a state of complete disorder and confusion, which is a quite different 

way from the way in which the term is used by scientists today. „Before the 

scientific revolution of the 17
th

 century, the world seemed to be ruled by chaos… 

in the same way that most people still apply the word‟ (Gribbin, 2000, p.5). There 

was no suggestion that there might be simple, orderly laws underpinning the 

confusion of the world. Gribbin (2000, p.5) argued that „the nearest anyone came 

to offer a reason for behaviour of wind and weather, the occurrence of famines or 

the orbit of the planets, was that „they resulted from the whim of God, or the gods‟.  

 

Following the attempts of scientists in the early Renaissance to produce 

mathematical approaches for understanding underlying order in the nature, new 

models for the universe were developed. Galileo (1564-1642) followed the sun-

centred Copernican model at a time when the theological belief of the Catholic 

church of 16
th

 century could not accept it. He also developed the notions of 

„motion‟ and „acceleration‟ in a scientific way, which led to the greatest discovery 

of the 17
th

 century: Newtonian universal laws of motion and gravitation. Gribbin 

(2000) has interpreted this progress as a new way of scientific understanding of 

„order‟, born out of the notion of „chaos‟ which was already believed to rule the 

universe.  
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Newton (1642-1727) developed a new branch of physics, called “Linear 

Dynamics”, that deals with the effects of energy and forces on the motion of 

physical objects in a Euclidean space. He believed that nature could be described 

as a closed causal system of „matter in motion‟ and governed by deterministic 

equations of motion. To the Newtonian view, perfect foresight based on 

predictability of dynamic systems is possible, if the necessary data and proper 

specifications of such systems are available.  

 

Referring to the principles of the Newtonian view, Laplace (1749 - 1827) believed 

that all phenomena within the universe would follow the rules of mechanics. He 

claimed that given the Newtonian laws of motion, the initial conditions of the 

universe and enough time to perform the computations based on linear cause and 

effect relationships, he could predict the future of the universe. This view was 

thought to be applicable to all macroscopic systems in the nature; and, up to the 

early 20
th

 century, scientists thought that they were dealing with an unchanging set 

of laws‟ (Jencks, 1997, p.124).  

 
Figure 3.2: The picture looks equally plausible whichever 

way we draw the arrow of time. (Gribbin, 2000, p.18) 

 

One of the key principles in the Newtonian universe is that the direction of time 

did not matter; equations worked just as well backwards as forwards. It means that 

time is “reversible” without violating the laws of motion, or in other words, 

Newton‟s laws are independent of the “arrow of time” (figure 3.2). Accordingly, 
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this makes precise prediction possible. However, one after another, modern 

sciences started to challenge this static picture of the universe. Among them, the 

second law of thermodynamics is the first, which started the challenge showing 

that such a precise prediction is not possible in many real systems. 

 

3.1.1.2 Step II: Chaos out of order (Thermodynamics) 

The second law of thermodynamics was, in fact, bad news for those who believed 

firmly in absolute order. „Everything tends toward disorder. Any process that 

converts energy from one to another loses some as heat. Perfect efficiency is 

impossible and „the universe is a one-way street‟ (Gleick, 1987, p.308). This 

inefficiency was called “Entropy” (for definition see appendix A). The second law 

of thermodynamics revealed that the phenomena such as gas in a balloon, liquid 

cooling in a container or wood burning in a stove moved from states of low to 

states of high entropy and were said to be irreversible. Thermodynamics seemed to 

point to an „arrow of time‟ (irreversibility), contrary to classical mechanics, where 

all phenomena had been considered reversible in time.  

 
Figure 3.3: the picture shows an open system model shifting from 

an equilibrium state to a non-equilibrium one. (Gleick, 1987, 

p.25) 

Figure 3.3 illustrates a simple example of increasing entropy in an open system in 

which, if a liquid or gas is heated, the fluid tends to organize itself into cylindrical 

rolls (figure 3.3, left). Hot fluid rises on one side, loses heat, and descends on the 
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other side (the process of convection). However, when the heat is turned up further 

(figure 3.3, right), „an instability sets in, and the rolls develop a wobble that moves 

back and forth along the length of the cylinders; at even higher temperatures, the 

flow becomes wild and turbulent‟ (Gleick p.25). The above example is a model of 

what happens in a real open system such as a weather system. Exchanging energy 

can increase entropy and turn a equilibrium state to a non-equilibrium one. The 

entropy is multiplied as the process continued until it reaches the stage of strange 

and unpredictable behaviour which Gribbin (2004) interpreted it as „the return of 

chaos‟. 

In the light of all this, thermodynamics, and in particular the idea of increasing 

entropy, became statistical ideas; in the real world, given the number of particles 

involved, it is overwhelmingly probable for entropy to rise but it is also possible to 

fall. This was not something that all physicists found easy to live with at first. Two 

centuries after Newton and only seventy-five years after Laplace, they were being 

told that the world is not deterministic in the simplest sense after all, and that 

chance and probability must be taken into account when trying to describe, or 

calculate, the behaviour of many microscopic and macroscopic systems (Gribbin, 

2004).  

 

The mechanistic worldview indeed ended at the beginning of the 20
th

 century. If 

the entropy in the second law of thermodynamics was bad news for Newtonian 

physics, relativity and quantum theories completely changed the Newtonian view 

of absolute space/time. As Ho (1997, pp.44-45) states: 

„Einstein‟s relativity theory broke up Newton‟s universe of absolute space 

and time into a multitude of space-time frames each tied to a particular 

observer, who therefore, not only has a different clock, but also a different 



Chapter Three: Complexity, chaos, and fractal geometry   

 

www.fractalgeometry.com 67 

map…. Quantum theory demanded that we stop seeing things as separate 

solid objects with definite (simple) locations in space and time. Instead, 

they are delocalized, indefinite, mutually entangled entities that evolve like 

organisms‟.  

 

The profound implications of this decisive break were recognized by some 

intellectual philosophers of the early 20
th

 century such as Henri Bergson in 1916, 

and the English mathematician Alfred North Whitehead in 1925 (Ho, 1997). 

Between them, they articulated a philosophy based on organics in place of 

mechanics. In table 3.1, Ho (1997) summarizes some of the major contrasts 

between this new philosophy of organic universe organisms and the Newtonian 

mechanical universe. 

 
Mechanical Universe Organic Universe 

Static, Deterministic, fabricated*  Dynamic, Evolving, generated* 

Separate, absolute time, universal 

for observer (process)-dependent 

observers space-time frames 

absolute space and space-time 

inseparable, contingent 

Insert objects with simple locations 

in space and time 

Delocalized organisms with 

mutually entangled space-times 

 

Linear, homogenous space and time 

Nonlinear, heterogeneous, multi-

dimensional space-times 

 

Local causation 

Non-local causation  

[local-global interaction] 

Given, non-participatory and hence, 

impotent observer 

Creative, participatory; 

entanglement of observer and 

observed 

Table 3.1: The table compares the properties of a system in the 

organic universe with a system in the mechanical universe. (Ho, 1997, 

p.45; the property asterisked was added by the author) 
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3.1.1.3 Step III: At the edge of chaos (Nonlinear dynamics) 

During the mid 20th century, there were wide-ranging attempts to uncover 

the statistical regularities hidden in processes of natural systems that 

otherwise appear random, such as turbulence in fluids, weather patterns, 

population fluctuation, etc. These systems – later termed “nonlinear 

systems” – manifest that, they are seemingly obeying Newtonian laws of 

motions and gravity in principle, but can behave in a chaotic and 

unpredictable fashion in practice. 

 

Most literature relating to chaotic system (e.g. Gleick, 1987; Blackwell, 

1989) attributes its first discovery to a meteorologist, Edward Lorenz, who 

recognized strange patterns while working on his model for a weather 

system. In the early 1960s, Lorenz was seeking an accurate system for 

modelling and analysing of weather patterns and he developed a system 

based on a set of twelve linear equations that he would use to test various 

predictive models. The early outcomes run by his primitive computer were 

satisfactory and, as he expected, the weather repeated itself. 

 

However, one day, he decided to examine one sequence of the model in 

more detail. He took the shortcut, and instead of starting the whole run over, 

he started midway through. To give the machine its initial conditions, he 

typed the numbers in it straight from the earlier printout. When he returned 

an hour later, he saw something unexpected. The new run should have 

exactly duplicated the old, but the weather pattern was rapidly diverging 
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from the last run (figure 3.4). He repeated the test several times and only on 

the occasion when he did not type the shortcut numbers himself and the 

machine used its own database the result was as expected. Soon he realized 

that his computer‟s memory stored the data with six decimal places (e.g. 

0.506127) but on the printout, to save space, just three of them appeared (e.g. 

0.506) and in his shortcut modelling, he had entered the shorter one, rounded-

off numbers, assuming that the difference was inconsequential (Gleick, 1987; 

Cooper, 2000; and Gribbin, 2004).   

 
Figure 3.4: from Lorenz‟s 1961 printout, The graphs of what seem to be identical, 

dynamic systems appear to diverge as time goes on until all resemblance 

disappears. (Gleick, 1987, p.17) 

 

Based on a Newtonian belief, small influences can be neglected, as they do not 

have large effects on the behaviour of a system. Lorenz, therefore, assumed that 

these minor changes could be ignored. However, in Lorenz‟s model, a small error 

proved to make a huge difference. Lorenz (1963) showed that the small change in 

the initial input – as small as one part in a thousand – was amplified in the course 

of two months‟ simulated weather until the difference was as big as the signal 

itself. Figure 3.4 illustrates how two weather patterns from nearly the same starting 

point, as Lorenz observed on his computer, produced patterns that grew further 

and further apart until all resemblance vanished.   
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„It was this observation that ultimately led to the concept of sensitivity to initial 

conditions and to the coining of the term Butterfly Effect‟ (Cooper, 2000, p.25). It 

means that very small variations in the initial condition of some systems result in 

huge, dynamic transformations in their consequent events. In weather, for 

example, „this translates into the notion that a butterfly stirring the air today in 

Peking can transform storm systems next month in New York‟ (Gleick, 1987, p.8). 

 

Bhutta (1999) wrote that, perhaps the most identifiable symbol linked with the 

Butterfly Effect is Lorenz‟s Attractor. Lorenz was looking for a way to model the 

action of the chaotic behaviour of a gaseous system. Hence, he took a few 

equations from the physics field of fluid dynamics, simplified them, and got the 

following three-dimensional system: 

dx/dt =  (y-x) 

dy/dt = rx-y-xz            (Equations 3.1) 

dz/dt = xy-bz 

If one were to plot these three differential equations on a three-dimensional plane, 

no geometric structure or even complex curve is produced; instead, a weaving 

object appears. Because the system never exactly repeats itself, its trajectory never 

intersects itself. Instead, it loops around forever. Figure 3.5 illustrates this 

phenomenon showing that the path through state space taken by Lorenz‟s attractor 

(the system‟s trajectory) never crosses itself. If it did so, it would return to an 

equilibrium state alike periodic system. Attractors of chaotic systems are called 

strange attractors. A strange attractor – like the one illustrated in figure 3.5 – never 

repeats itself on a similar path and therefore does represent a non-periodic 

(aperiodic) behaviour.     
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Figure 3.5: Three-dimensional model 

of Lorenz‟s attractor. (Bhutta, 1999, 

unpaginated) 

 

3.1.2 Interpretations of Chaos Theory 

„Chaos theory is the study of complex nonlinear dynamic 

systems‟ (Bhutta, 1999, unpaginated). 

 

As discussed earlier, the word „Chaos‟ as a scientific term conveys a meaning 

different from that to which the ancients referred, or even what we mean in 

everyday conversation today. In the conventional use, the term is defined as 

„completely random and unpredictable even in principle‟, whereas the scientific 

use is „nonlinear behaviour of a complex system with underlying deterministic 

order‟ (Valle, 2000, p.2), which is predictable in principle but limits our prediction 

in practice. Gribbin (2004, p.70) argued that „it is just that in practice it is 

impossible to predict in detail what is going to happen more quickly than events 

unfold in real time‟. For instance, as seen in Lorenz‟s work in weather forecasting, 

one would be able to predict such system just in a short term. 

 

Before advancing into the more technical areas of chaos and complexity, it is 

useful to review some basic definitions suggested for „Chaos Theory‟. Although 
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some individual attempts had been made by earlier scientists in studying chaos 

theory, it only became possible to understand it in the 1960s (e.g. through the work 

by Lorenz), with the advent of powerful and fast (by standards of those days) 

electronic computers. These new developments began to emerge into wider public 

awareness from the mid 1980s with the publication of the book titled “Order out of 

Chaos” by Ilya Prigogine and Isabelle Stengers (1984), and then of James Gleick‟s 

(1987) “Chaos”. 

 

Gleick (1987, pp.147-305) collected some formal definitions given by a diverse 

range of scientists, such as biologists, meteorologists, chemists, ecologists, 

economists, etc. Gleick (1987, p.307) wrote, „whatever their particular field, they 

have made important contributions to understand complexity itself … they believe 

that some systems that seem to have simple deterministic behaviour could breed 

complexity‟. He added that such systems are too complex to be examined just by 

Newtonian laws of traditional linear mechanics.   

 

A helpful commentary on the word “chaos” has been provided by Hayles (1991). 

According to her, whilst chaos, in its popular usage, is to be understood as a 

description of anti-order, to all intents and purposes as a synonym for randomness, 

in its scientific usage, chaos is seen as containing and/or proceeding order. Hayles 

(1991, p.1) also remarks that, „in both literature and science, chaos has been 

conceptualized as extremely complex information, rather than as an absence of 

order‟. She suggests that, while the word has its origin in the Greek for “void”, the 

contrast between chaos as disorder and order is a continuing dichotomy in the 

western mind-set. One is concerned with the order that lies hidden within chaos 
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(US based). The other, European based and represented particularly by Prigogine 

et al (1984), focuses on the order that emerges from chaos. 

 

Chaos theory is a developing scientific discipline for studying nonlinear dynamics 

and complex systems. According to one of the clearest definitions given for 

“Chaos Theory” by Bhutta (1999, unpaginated), „Chaos theory is the qualitative 

study of unstable aperiodic behaviour in deterministic nonlinear dynamic systems‟. 

Bhutta (1999) explains that “aperiodic” is simply the behaviour that never repeats; 

“nonlinear” implies recursion and higher mathematical algorithms; and “dynamic” 

implies non-constant and non-periodic (time variables). Thus Chaos Theory is the 

study of forever changing complex systems based on mathematical concepts of 

recursion, whether in form of a recursive process or a set of differential equations 

modelling a physical system (Bhutta, 1999).  

 

The most important feature of chaotic systems is that they are „very sensitive to 

their starting conditions‟. This is the character of many actual events in nature 

where small causes produce enormous consequences. As Gribbin (2004, p.3) 

suggests, what really matters is simply that some systems are „very sensitive to 

their starting conditions, so that a tiny difference in the initial push you give them 

causes a big difference in where they end up‟. This kind of behaviour is called 

“chaotic”.  

 

The other important feature of a chaotic system is that there is always positive and 

negative “feedback”, so that what a system does, affects its own behaviour. This 

feature turns a system into becoming nonlinear. Therefore, chaos has been defined 
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as nonlinear behaviour that occurs in complex systems. Grace (1991) wrote that 

“Chaos” is the study of a complex system with seemingly irregular and 

unpredictable behaviour rather than trying to reduce it to linear cause-and-effect 

relationships. Since most processes in nature are not linear, it is in fact, the study 

of how most things behave (Saunders, 1997).  

 

This feature, together with other characteristics of chaotic complex systems, will 

be elaborated more in part two of this chapter. However, it should be emphasised 

here that all of the above definitions indicate a duality of order and disorder, which 

exists within the behaviour of a system considered as deterministic chaos. One of 

the best and classic examples demonstrating this duality can be found in the 

logistic equation developed by James Yorke, Robert May, and Mitchell 

Feigenbaum during 1970s. Explaining in detail what they found in their studies on 

population change occurring in nature, Gribbin (2004, p.72) declares that their 

studies are based on „a very simple equation called the logistic equation‟:  

Logistic equation:  )1(1 nn xBxx    (Equation 3.2) 

The equation 3.2 describes well how the population of a species changes from one 

generation to the next and how „the behaviour of a system can change from being 

completely ordered to being completely chaotic‟ (Cooper, 2000, p.33). 

 

Simply, it can be assumed that there is some kind of insect population where a 

population contains x individuals and each insect lays B eggs. Therefore, the new 

#population will be Bx. However, what (1-x) implies is the fact that the process is 

nonlinear and acts as a controller parameter, which (in our example) represents the 
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death rate. Gribbin (2004, p.73) wrote „this death rate depends on the size of the 

original population – the more individuals there are, the harder it will be for each 

of them to get enough food and harder to survive‟. The Feigenbaum diagram 

(figure 3.6) shows how the logistic equation behaves strangely with a small 

difference in values selected for parameter B that can be translated as a small 

change in the initial condition of the system.  

 
Figure 3.6: The Feigenbaum diagram (left), and the self-

similar pattern in the period-doubling (right).  (Gribbin, 

2004, pp.76-77) 

 

 
Figure 3.7: Three main transition phases in the 

Feigenbaum diagram (Gleick, 1987, p.71). 

 

B = 0 means extinction. If B is less than 1, it means the population fails to 

reproduce itself from one generation to the next and it must eventually die out 
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whatever the original value of x between 0 and 1. Interesting things happen when 

B is larger than 1. Figure 3.7 illustrates three transition states of the logistic 

equations when any larger value than 1 is selected for B. Each phase is explained 

well in Gribbin‟s (2004, pp.72-80) book, Deep Simplicity, which can be 

summarised as follows: 

 

Phase one, steady state (period one): For 1 < B < 3 after a large number of 

generations the value x settles down to a steady level and when it is close to (but 

less than) 3, value x settles down at 0.66, corresponding to 2/3 of the maximum 

possible population (see the steady state in figure 3.7). 

 

Phase two, periodic state (period two up to period four): As soon as B is 3 or 

just a little larger than 3, the pattern changes and the single attractor splits in two 

levels in alternative generations (bifurcation). This means that in one year there is 

a large population, which eats all available food, resulting in many individuals 

starving and dying without reproducing. Therefore, the next generation has a small 

population, all of which find plenty of food and lay eggs – and so on. However, the 

single attractor only switches between two predictable constant levels (see period 

two in figure 3.7). 

 

Phase 3, chaotic state (after period four): If B is increased further, the result will 

be amazing. At a value of B = 3.4495 the system oscillates between four different 

populations (period 4). At B = 3.560, each of these attractors splits in two again, 

and the population jumps about between eight different levels. At 3.569, another 

doubling gives sixteen possible population levels. Developments from May‟s early 
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work show that at 3.56999 the number of attractors available to the populations 

becomes infinite: this is genuine deterministic chaos. 

 

However, there is more. Although it is mostly chaos for values of greater than 

3.56999, there are small ranges of values for B where order is restored, a kind of 

clear window among the confusion of the chaos. For 3.8< B <3.9 the system seems 

to settle down to a stable state and then, just for a little bit higher 3.9, once again 

repeated bifurcations can be observed, resembling the behaviour when B was just 

above 3. Soon, the system goes through all the same stages as before and chaos 

reappears. Interestingly, it can be concluded that „in the midst of order there is chaos; 

but in the midst of chaos, there is order‟ (Gribbin, 2004, p.76). This statement 

conforms to the definitions presented earlier for the term “deterministic chaos” and 

suggested by Hayles (1991) and Gleick (1987). That is perhaps why Waldrop 

(1992) subtitled his popular book, “Complexity”, as “The Emerging Science at the 

Edge of Order and Chaos” by which he meant that the account of bifurcation in 

complex systems suggests that there is a domain between deterministic order and 

randomness, which is complex.  

 

In short, two important outcomes can be concluded from the Feigenbaum 

experiment and the resultant diagram. Firstly, the experiment shows how the 

behaviour of a system shifts from being completely ordered to being completely 

chaotic and vice versa. Secondly, the Feigenbaum diagram (figure 3.7) reveals 

the self-similar pattern underlying its chaotic behaviour. As figure 3.8 illustrates, 

a smaller version of the pattern (at its smaller scales) in the Feigenbaum diagram 

is similar to the whole pattern (at its full scale). In other words, it repeats itself. 
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These self-similar patterns are called fractals; in this sense, “Fractal Theory” can 

be understood as subset of chaos theory and can be called the “Geometry of 

Chaos/Complexity” which is the focus of part three of this chapter in part three.  

 

 
Figure 3.8: Simplified representation of self-similar 

branching seen in the Feigenbaum diagram. (Gribbin, 2004, 

p.80) 

 

The final point about this example is that it clearly shows how chaotic behaviour 

appears out of a simple equation and with just one variable (B). „Calculating all 

the iterations for just one value of B is boring enough, and in order to look 

closely at what happens near the critical value B=3, you need to carry out many 

iterations for many slightly different values of B‟ (Gribbin, 2004, p.75). Now 

imagine how hard it would be to calculate a complex system, which consists of 

many subsystems, each of which has more than one variable. This is 

straightforward enough to explain, but very tedious to calculate. That is perhaps 

why the study of chaos theory and fractals would not have been possible without 

the advent of computers.  
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3.2 Part Two: Complexity, Characteristics of Chaotic 

Complex Systems, and their Analogies to Urban 

Systems 

The aim of this part is to define the term complexity and its suggested properties to 

verify whether the concept and its characteristics can be observed in an urban 

system. To achieve this aim, the research investigates through the literature, firstly 

to define the term and secondly to examine the properties of complexity in the 

work of complexity theorists (e.g. Gribbin, 2004; Philips, 1994; Flood and Carson, 

1993; Cilliers, 1998). In parallel, it also explores the literature discussing the 

concept in urban studies in particular (e.g. Batty, 1994, 2005, 2008; Cooper, 2000; 

Byrne, 1998; Wilson, 2000; Alexander, 2002, 2005). The parallel review provides 

a backbone for the next chapter where the application of these theories to urban 

planning and design will be elaborated.  

 

3.2.1 Complexity theory and its relationship with chaos theory 

The concept of “complexity” as a technical term applies to a system that is entirely 

different from the familiar linear system encountered in Newtonian physics. It 

should be emphasised that the concept is not difficult or complicated but neither is 

it simple. Perhaps one should not be surprised if the concept cannot be given a 

simple definition. Batty (2008, p.8) recognizes the difficulty in finding a precise 

definition for complex systems, „which lies at the basis of any attempt to 

understand such complexity‟. Some suggested definitions are as follows. To begin 

with, Webster‟s Third International Dictionary (online, undated) proposes two 

following commonsense definitions for it: 
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1. Having many varied interrelated parts, patterns, or elements and 

consequently hard to understand fully. 

2. Being marked by an involvement of many parts, aspects, details, notions, 

and necessitating earnest study or examination to understand or cope with.  

 

According to Flood and Carson (1993, p.25), „The definitions suggest that 

complexity can be understood by studying (1) the number of elements and (2) the 

number of relationships between the elements‟. However, it should be noted that a 

complex system is not constituted merely by the sum of its components, but also 

by the intricate relationships between these components (Cilliers, 1998). 

 

Williams (1997, p.234) suggested that „a complex system is one in which 

numerous independent elements continuously interact and spontaneously organize 

themselves into more and more elaborate structures over time. Complex systems 

can naturally evolve to a state of self-organized critically, in which behaviour lies 

at the border between order and disorder‟. In similar way, Ward (2003) suggests 

that “complexity theory” is the science of studying the interactions of local 

systems, which their organization as a whole is in transition between order and 

randomness (termed edge of chaos or deterministic chaos).  

 

According to a definition given by Flake (1998), complexity theory is the study of 

how critically interacting self-organizing components form potentially evolving 

structures, exhibiting a hierarchy of emergent system properties. Luhmann (1995, 

p.25) suggests that „complexity entails that, in a system, there is more than one 

possibility that can be actualized‟. Complex systems can also be defined by the 
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fact that they may be generated by a relatively simple set of sub-processes: a few 

things interacting, but producing tremendously chaotic behaviour.  As the Nobel 

Laureate Murray Gell-Mann phrased it: “Surface complexity arising out of deep 

simplicity” (Gribbin, 2004).  

 

A useful definition has been provided by Batty (2007). He states that „a complex 

system is a system that is composed of complex systems. This recursion makes 

considerable sense when we ponder systems such as economies and cities for their 

elements –individuals – clearly have the same order of complexity as any 

aggregation in groups or institutions‟ (Batty, 2008, p.2). He also suggests that 

complexity can be understood mathematically in the same way that the simple rule 

and randomness coexist in the logistic equation (equation 3.2) – as explained 

earlier in the previous section. He suggests that complexity can be demonstrated 

through the notion of variety, defining a system in terms of a number of 

components, say n, and the number of states, say m, which each component can 

take on. The simplest demonstration is to compute the number of combinations of 

states when a state can exist or not, given by the combinatorial C: 

C =  


k

n
knkn

1
))!(!!(  (Equation 3.3) 

„This number of combinations could be elaborated in countless ways 

and although it can be reduced simply by introducing constraints on 

what is feasible and what is behaviourally acceptable, it is still huge 

and to all intents and purposes infinite. This is one of the key 

challenges of complexity theory: understanding, grappling, and 

managing this sort of combinatorial explosion‟ (Batty, 2008, pp.8-9). 

 

The above equation is probably the best, and mathematically the simplest, 

expression of complexity, which explains chaotic behaviour of a system governed 

by many subsystems. Subsystems interact among each other in a nonlinear 
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manner. As a comment on the equation 3.3, one could say that, (1-K!) or n!(n-k)! 

shows the “recursive property” of a system – also called the “positive feedback” 

(Flood and Carson, 1993). It means that when a criterion increases or when a 

subsystem progresses within such system, there is always one or some other 

criteria\subsystems, which progress in the opposite way to control the overall 

behaviour of the system. They may prevent its further progression to help the 

whole system remains stable. A control system must have adequate variety or, as 

Ashby (1973) called it, “the law of requisite variety”, „if the system is to have 

guarantee of remaining under control‟ (Flood and Carson, 1993, p.15).   

 

Comparing equations 3.2 and 3.3, one can see clearly the similarity and difference 

between chaos and complexity. "" , in the latter equation, discloses the difference 

between them. While chaos theory is about the strange behaviour occurring in one 

chaotic system, complexity theory is about the interactions between multiple 

chaotic systems controlling each other to create a variety of states within a bigger 

system. That is perhaps why Batty (2008) states that a complex system is a system 

that is composed of complex systems. In this sense, as Ward (2003) suggests, 

chaos can be considered as the subset of complexity.  

 

The definitions suggested for “complexity” usually associated with the terms 

synthesis, cross discipline, edge of chaos, nonlinear dynamics, self-organising 

systems, etc (see Appendix A for their definitions). Each of these terms conveys an 

aspect of complexity. However, the concept remains elusive as the given 

definitions constrained its full meaning. According to Batty (2007), while there is 
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no single widespread agreement as to precise definition, there is a consensus about 

the definitions of the characteristics that a complex system displays. Therefore, 

instead of trying to coin a single definition for the term, an analysis of 

characteristics of complex systems can be attempted in order to develop a general 

understanding of the theory.  

 

3.2.2 Characteristics of complex systems, and their analogies to urban 

systems 

While some theorists reduced the properties of complexity to only two main 

features of chaos, „sensitivity to the initial conditions‟ and „feedback‟ (e.g. Gleick, 

1987; Gribbin, 2004), some other complexity theorists believe that a system must 

associate with more features to be considered complex. For instance, Durlauf 

(2005), himself a mild sceptic of complexity theory, identifies four key features, 

which such systems must portray to be seriously considered as complex: non-

ergodicity, phase transition, emergence, and universality (see also Batty, 2008). 

Valle (2000, p.4) suggests six characteristics for such system and states that 

complexity can be characterised by: 

a)  A large number of similar but independent elements or agents 

b) Persistent movement and responses by these elements to other agents 

c)  Adaptability so that the system adjusts to new situations to ensure survival 

d) Self-organization, in which order in the system forms spontaneously 

e)  Local rules that apply to each agent 

f) Progression in complexity so that the system gradually becomes larger and 

more sophisticated 
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However, Cilliers (1998, p.4) provided a rather more complete list and outlined ten 

characteristics for a complex system. According to his list, complex systems have 

“a large number of elements” (1), which have to interact “dynamically” (2), and 

are “richly connected” to each other (3). The interactions are also “nonlinear” (4). 

Such interactions usually have low range (local interaction) although long-range 

(global interaction) is not impossible (5). There are loops in the interactions termed 

“recurrence” or “feedback” (6).  They are usually “open systems” which interact 

with their environments (7). They are far from equilibrium with “phase transition” 

(8). They have history and “evolve” through time (9). Finally, each element has 

limited capacity of information (locality of information) which is ignorant of the 

behaviour of the system as a whole (10).  

 

Identifying a series of eight features for complexity – “Unpredictability”, 

“Emergence”, “Self-organization”, “Irreducibility”, “Adaptability‟‟, 

“Interconnectedness”, “ Complexity through Rules”, and “Form Versus Process” – 

Cooper (2000, p.8) suggests that „all can arguably be observed in the city‟ too. A 

similar vocabulary has been found in work of those authors who suggested cities 

are to be considered as self-organising complex systems (e.g. Batty, 2005, 2008; 

Portugali, 2000; Wilson, 2000). According to what have been used commonly and 

frequently in the literature, this research suggests that the following 12 

characteristics of complexity are essential in understanding of the theory. 

1- Variety (Large number of components with dynamical interactions)  

2- Irreducibility   

3- Deterministic chaos (duality of determination and randomness)  

4- Positive and negative feedback  
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5- Sensitivity to initial conditions (the butterfly effect)  

6- Limited predictability  

7- Emergence  

8- Self-organization  

9- Adaptability  

10- Interconnectedness (Synergy)  

11- Hierarchy and levels of scale  

12- Self-similarity and fractal pattern (the image of complexity) 

 

3.2.2.1 Variety (Large number of components with dynamical interactions): 

Complex systems consist of a variety of subsystems or a large number of elements. 

When the number is relatively small, the behaviour of the elements can often be 

given a formal description in conventional terms. However when the number 

becomes sufficiently large they cease to assist in easily understanding the system. 

Cilliers (1998, p.3-4) states that „a large number of elements are necessary, but not 

sufficient. … in order to constitute a complex system, the elements have to interact 

and this interaction must be dynamic‟. He adds, „the interactions do not have to be 

physical; they can also be thought as transference of information‟.  

 

Therefore, the grains of sand on a beach do not make a complex system, because 

although they are numerous there is no interaction between them. Conversely, in a 

complex system such as Lorenz‟s weather model (discussed in section 3.1.1.3), the 

system consists of differential equations (equations 3.1) which interact 

dynamically and make the system change with time. According to Cilliers (1998, 

p.6), the most obvious example can be seen in the economic system of a city as 

„the economically active people in a city certainly comprise a large amount of 
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elements, usually several millions. The various individuals interact by lending, 

borrowing, investing and exchanging money and goods. These relationships 

change continually‟.  

 

3.2.2.2 Irreducibility:   

„2+2 4; rather 2+2 = apples‟ (Morgan, 1923; quoted by Jenks, 1997, p.61). 

„A non-linear system cannot be reduced to its components parts 

because the whole pattern, due to its interconnected nature, cannot be 

seen as a single element‟ (Cooper, 2000, p.10). 

 

Another feature of nonlinear complex systems is irreducibility. While a complex 

system consists of a large number of elements, components, or subsystems, it 

cannot be reconstructed by simply adding its elements together. The notion that in 

general systems theory known as “gestalt” implies that system structure emerged 

from the parts but that is not simply a process of adding up the bits to get the 

whole (Batty, 2008). The whole system is more than sum of its parts, and as the 

Nobel laureate Philip Anderson (1972, p.393) wrote, „more is different‟. Examples 

can be found in many biological, ecological, and sociological phenomena. A 

human being is not an aggregation of bodily parts, nor is a business an aggregate 

of management functions, nor a society an aggregate of social groups. In each 

case, things come together to form „wholes‟ whose properties are different from 

the parts. 

 

In all complex phenomena, the “wholeness” is the important thing. According to 

Alexander (2002a, p.80), „the local parts exist chiefly in relation to the whole, and 

their behaviour and character and structure are determined by the larger whole in 

which they exist and which they create‟ life or quality. The implication is that, in 

complex systems, we are dealing with systems that have purposeful parts and some 
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final worth – or intrinsic quality – and for which traditional reductionism is 

inappropriate. The holistic approach rejects the modernist mechanical view of a 

city in which the position of every element can be determined in advance and their 

composition creates the entire city (the failures of reductionism view in modernist 

planning will be discussed in more detail in chapter four).  

 

For instance, Cooper (2000, p.10) suggests that „land use zoning as planning tools 

represent a form of reductionism, isolating what should be, in a non-linear system, 

a “linked element”, thus breaking the linkage that would make the area richer and 

more diverse‟. Another example has been suggested by Meijers (2008, p.2323) 

who states that „summing small cities does not make a large city‟. His research 

reveals that the more polycentric a region is – as opposed to mono-centric – the 

fewer cultural, leisure and sports amenities are present.  

 

3.2.2.3 Deterministic Chaos (Duality of Determination and Randomness): 
 

Einstein‟s famous question: „Does God plays dice with the 

universe?‟ 

(Gleick, 1987, p.314) 

 

As discussed in the previous part of this chapter, the behaviour of the agents in a 

nonlinear complex system is neither completely deterministic nor completely 

random; indeed, it exhibits both characteristics. This duality is termed 

deterministic chaos or „complexity through rules‟ (Cooper, 2000, p.11). While a 

simple deterministic system with only a few elements can generate random 

behaviour, in a complex deterministic system, random behaviours are generated 

without violating the overall rules of the whole system (Crutchfield et al, 1988). 

On the one hand, it allows us to bring increasingly into the deterministic 
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framework of classical science broad areas of phenomena; on the other, it 

represents a limit to the complete testability of the classical paradigm, which 

seemed to resist such inclusion. 

 

This means that there are some ruling equations, which determine the system‟s 

behaviour – the way agents interact – and preserve the quality, the position, or the 

general character of the system. Cooper (2000, p.11) suggested that the source of 

order in the case of a city „could be planning policies, building regulations, rules 

governing of granting financial credits‟, etc, all of which will determine the 

behaviour of the system. Nevertheless, at the same time, random behaviours are 

also allowed within the limits set by such regulations. The main source of the 

randomness – but not exclusively – is unpredictable decisions and actions of 

human users (individuals or communities) as free agents who act within the rules‟ 

limits in an urban context. For instance, every time designers (who are also 

human) make a decision to change or not a shape; add, move or remove an event; 

or rearrange overlaps, they are creating completely new interface patterns (Arida, 

2002).   

 

3.2.2.4 Positive and Negative Feedback: 

Feedback is the most important feature characterising a complex system. This 

feature is also called the “recursion” or “recursive property” and can be described 

mathematically as seen earlier in the equations 3.2 and 3.3 (represented by 1-x or 

n-k!). Feedback describes the consequences of change in a system. It means that 

feedback occurs where the behaviour of an element influences on the way other 

elements act or react, but through a series of relationships, the effect of its initial 

influence feeds back on itself.  



Chapter Three: Complexity, chaos, and fractal geometry   

 

www.fractalgeometry.com 89 

 
Figure 3.9: Transfer function without feedback (a) 

and with feedback (b). (Flood and Carson, 1993, 

p.14) 

 

If those mechanisms that create a behaviour are lumped into a single “transfer 

function” (TF), Flood (1993) claims that in a linear relationship the action on an input 

produces an output without receiving any feedback from TF (figure 3.9a). However, 

in a non-linear relationship, the output is used as the input in the next calculation 

(figure 3.9b). As the positive or negative feedback (depending on the type of TF) 

occurs repeatedly, the system reaches a critical threshold far from equilibrium, which 

moves from a phase state to another – phase transition – while returning to the initial 

state becomes impossible (Batty and Xie, 1999). That is why Cilliers (1998, p.4) 

claims that „complex systems have a history‟ (e.g. in the case of a city, the transition 

from agricultural city to industrial city). 

 

Feedback occurs in all nonlinear systems but not all systems with feedback are 

nonlinear. While positive feedback can cause instability in a nonlinear system, 

negative feedback tends to stablise such a system. The insect population model 

(explained earlier in section 3.1.2) is an example of a nonlinear system with negative 

feedback. As soon as the population of insects increases, the portion of available food 
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for each insect decreases, which feeds back and controls the population of insects, 

stabilising it, bringing it back close to earlier numbers (but not exactly the same), and 

allowing the system to return to its balance. If the output numbers are not exactly the 

same as the earlier conditions, this balance is fragile and the system keeps its 

nonlinearity. If the negative feedback brings the output of the system back exactly to 

the initial condition of the system, the system lose its nonlinearity and turns to a linear 

periodic status.  

 

However, According to Byrne (1998, p.172), the significance of positive feedback – 

as opposed to negative feedback – „is that it is not boundary defending, but is likely to 

lead to boundary breaking and transition to a new phase state‟. Flood and Carson 

(1993) believes, positive feedback helps to achieve contained contraction or 

replication and growth or leads to uncontained and unstable contraction or growth. It 

should be also noted that „positive feedback occurs when a change tendency is 

reinforced rather than damped‟ (Byrne, 1998, p.172). As seen in the Lorenz‟s weather 

model, „the butterfly effect is an example of series of positive feedback within the 

system‟ (Cooper, 2000, p.8).  

 

Positive feedback may be desirable but can be lead to structural changes and possibly 

to structural collapse. Both desirable and undesirable cases are illustrated in the 

following example: 

„When we run, we need to increase oxygen intake and lung ventilation by 

increasing respiration rate. Positive feedback loops in the body temporarily 

dominate bringing about desirable increase in respiration that enables the 

running to happen. In healthy people, however, the limits of human 

capability are dictated by negative loops, so that we can only run so far for 

so long. This is for our own good and prevents us from burning out. If the 

negative loops are broken leading to an undesirable domination by positive 

ones, as happens when athletes take certain types of drugs, super human 

achievements can be realized. The history books report a number of tragic 
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cases where the biological processes of [these] athletes may lead to collapse 

and death‟ (Flood and Carson, 1993, p.15). 

 

In the case of a city, Arida (2002, p.153) claims that, human users are the main 

source of feedback: „through their interpretation of interface patterns in their 

environment they act or react – from the simplest act of planting a tree (to 

embellish their front yard) to that of shopping (in response to a well-lit shop 

window display, for example). Eventually many people react similarly, building up 

into a resonance that can, for instance, affect the investment value of real estate, 

with all its physical consequences ....‟ 

 

3.2.2.5 Sensitivity to Initial Conditions (The Butterfly Effect): 

One of the most essential features of a chaotic system is what Lorenz (1963) called 

„the sensitivity to initial conditions‟. This means that infinitely small changes in 

the starting condition of a complex nonlinear system will result in dramatically 

different outputs for that system. An example of this, known to the world as The 

Butterfly Effect, was explained by Lorenz‟s experiments while he was formulating 

his model for weather forecasting (see Gleick, 1988, pp.16-32). It describes how a 

tiny action such as the flapping of a single butterfly‟s wing in the Indonesian coast, 

can be magnified through a month‟s time of cause and effect process, resulted in a 

hurricane hitting Miami rather than its expected target of Fort Lauderdale, for 

example. 

 

Hamdi (2004) discusses the ingenuity of the improvisers and the long-term, large-

scale effectiveness of immediate, small-scale actions. In the case of a city, a series 

of cause and effect processes of change often starts with small beginnings, which 

have emergent potential - as small as a bus stop, a pickle jar, a composting bin, or 
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a standpipe. As an example, Hamdi (2004, pp.73-76) explored the emergence 

potentials of a bus stop to act as an initiator of other positive effects cultivating a 

community and writes: 

„We had observed elsewhere the density of life and commerce which clusters 

around places where buses stop. People gather and wait for substantial periods 

and so, often, and in small steps, small shops and coffee houses will open to 

serve them, shoeshine boys and other street hawkers will appear… and spread 

their baskets on the ground to sell what they can to passer-by while they wait. 

At first, a small market emerges….‟  

 

No one designed this market place, which has the potential to motivate a vibrant 

community which sprouts, and grows around it. It can eventually turn to be a local 

centre or even, through some positive effects, improve housing, health, and 

education in that area. All these huge changes originate from small and often 

simple beginnings, which even though small, they are many, acting in order to 

induce others to act.  

 

The bus stop example in an urban system is analogous to The Butterfly Effect in a 

weather system. Byrne (1998) explains that it occurs when a small apparently 

insignificant change in one agent has a knock-on effect on another agent, that is in 

turn has an effect on another agent, that in turn has an effect on another and so on 

in a multiplier effect with the potential result of a massive change occurring to the 

system. 

 

3.2.2.6 Limited Predictability: 

„The only limit to our realization of tomorrow will be our doubts of 

today‟. (Franklin D Roosevelt, quoted in Hamdi, 2004, p. xv) 
 

Chaos imposes fundamental limits on prediction. If we could know exactly the 

laws of nature and the precise situation of a system at its initial moment, we might 

be able to predict exactly the situation of that system at a succeeding moment – as 
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Laplace had claimed (discussed earlier in section 3.1.1.1). However, this precision 

does not exist in real systems. There is always uncertainty about the outcomes of 

processes of change that originate from the bottom up (Batty, 2005).  A very small 

diversion at its initial condition – not at once but gradually – is turned to a huge 

diversion. Therefore, we might arguably be able to predict a chaotic complex 

system in the short term but not definitely in the long term.  

 

According to Waldrop (1992), when the number of elements/agents increases, it 

becomes even more difficult to predict accurately the outcomes of their 

interactions. Referring to Waldrop‟s (1992) statements, Cooper (2000, p.8) 

suggests that „cities have a large number of interdependent agents which makes 

them unpredictable‟. Therefore, the ultimate shape of the city as a product of 

unpredictable actions and interactions between these elements/agents is also 

unpredictable. Batty (2005) states that the conception of the city as a complex 

system changes from one where we assume that all things about the system are 

ultimately knowable to one where this assumption is no longer tenable. The notion 

of limited predictability of the urban system calls into question the conventional 

planning approach of master planners who attempt to apply determinist blueprints 

for cities (see Chapters Four and Five for details).  

 

3.2.2.7 Emergence: 

„Emergence is a characterisation‟ (Flood and Carson, 1993, 

p.18). 

Complicated and unexpected patterns and behaviour emerge within complex 

systems with no apparent cause or design (Waldrop, 1992). Having explored some 

of the attributes of a complex system, Cilliers (1998, p.91) stated that „the system‟s 
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individual components only operate on local information and general principles. 

The macroscopic behaviour emerges from microscopic interactions that by 

themselves have very meagre information content (only traces) but after simple 

interactions this results in complex behaviour when viewed macroscopically‟. 

Cilliers (1998) interprets this behaviour as the emergent property of a system as a 

whole, and Alexander (2002b) called it “unfolding wholeness”.  

 

According to Alexander (2002b), the wholeness occurring in space necessarily 

unfolds in such way as to create more and more life and, through these 

transformations, larger wholes are created. “Emergence” means that new systems 

appear with new properties, which are not to be accounted for either by the 

elements into which they can be analyzed, or by the content of their precursors 

(Alexander, 2002). That is, perhaps, why no two complex systems are alike (Flood 

and Carson, 1993), or no two cities are exactly alike, even if they have a similar 

history. For instance, each Roman colonial city had its own identity while its 

overall layout follows the „castra‟ pattern, as discussed in chapter two. 

 

Philips‟s (1994) work on features of complexity provides an example to illustrate 

emergence in the form of a residential segregation model constructed by Schelling 

(1969, 1978):  

„A grid of squares represents homes in a mixed community made up 

of two groups of residents. At each prescribed period each household 

make a decision to stay or move to another square based on a 

programmed preference for living next to households of the same 

group and, as the time periods pass, pattern of residential segregation 

emerge. These pattern were not designed, they emerge by the action 

of a rule…. In the same way, the land-use of Oakland, California, 

emerge from the many decision taken by individuals influenced by 

the market, politics, the environment, fashion etc‟ (Cooper, 2000, 

p.9). 
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The emergent pattern demonstrated in Schelling‟s model is a classic example of 

how global order and unpredictable spatial pattern emerges from the bottom up 

and from the random actions of highly localised neighbourhoods. Batty (2005, 

2008) and Silva et al (2005) presented a simulated version of this model using 

Cellular Automata (CA). In their experiment, two social groups in the Schelling 

model are rendered in red and green on a fine lattice of cells. Then some simple 

rules are programmed at neighbourhood scale for making decisions (e.g. based on 

a preference for living next to the households of the same group), each cell 

maintains its initial colour state or converts into the other (each household decides 

to remain, or move). As illustrated in figure 3.10, after running the iterative 

program, unpredictable patterns of segregation emerges out of the initial random 

distribution of red and green cells.   

 
Figure 3.10: Emergence of extreme segregation from local cellular automata rules 

implying a mild preference for living amongst one‟s own kind. (Batty, 2008, p.17) 

 

 

3.2.2.8 Self-organization:  

„The capacity for self-organisation is a property of complex 

systems which enables them to develop or change internal 

structure spontaneously and adaptively to cope with, or 

manipulate, their environment‟ (Cilliers, 1998, p.90). 

 

As Cooper (2000) stated, not only does a complex system as a whole emerge, but 

its structure and organisation also apparently emerge without pre-design. It means 

that the structure and behaviour of such a system is not determined in a 
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preliminary way by the properties of individual components of the system, but are 

the result of complex patterns of interaction between itself and its environment. 

„An example of self-organization in city growth is the development of local 

governmental systems. These were not simply designed and then implemented, 

they evolved, and changed, self organizing in response to changing needs, 

particularly in terms of safeguarding public health and welfare.‟ (Cooper, 2000, 

p.9) 

 

Complex systems require a form of control mechanism to maintain their 

integrity (Flood and Carson, 1993).  They can self-organise through their 

own controlling centres of their subsystems. Alexander (2004, p.328) 

claims that the whole system „controlled by the field of centres, is not made 

up by rearranging fixed components. It is a structure which allows the 

evolution of space itself, a process in which the space changes 

qualitatively, step by step, through the intensification of the centres in it‟. 

The intensification of the centres in subsystems means that a complex 

system becomes more complex through an evolutionary process.  

 

This increase in complexity implies a local reversal of entropy – created by the 

recursive process or feedback – that necessitates a flow of energy or information 

through the system. The information is stored in forms or patterns within the 

system, conveying a kind of memory (Cilliers, 1998). If this information conforms 

to new circumstances, it is stored, and even enhanced; otherwise, it fades away, 

and is replaced by new information or a new pattern. Therefore, a self-organizing 

system always has a history. This may also form part of the explanation why self-

organising complex systems tend to age. One of the obvious examples can be 
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observed in the street patterns of a city. Old urban plots are sustained only if they 

can serve a new population with new needs; otherwise, they are changed, evolved, 

or replaced gradually by new sized plots in response to adaptations to a changing 

environment. 

 

3.2.2.9 Adaptability:  

Self-organizing complex systems have the ability to adapt to new situations in 

their environments. Adaptation is the result of evolutionary processes whereby a 

system will simply not survive if it cannot adapt to new circumstances. Flood and 

Carson (1993, p.13) wrote that:  

„Darwinian evolution of life forms is a theory of adaptation. Similarly, 

certain management and organization theory has argued that a commercial 

firm needs to adapt to external changes – e.g. adaptation to changes in 

demand patterns, competitors‟ actions, and technological change; and to 

significant changes on the international scene like oil price increases or 

cuts, and wars. Adaptation is necessary for survival where the environment 

is subject to change. Adaptation occurs to deal with environmental change. 

If an environment is largely constant, then a system‟s survival is not 

threatened. But in other circumstances, changes in an environment will 

occur and throw the system out of balance.‟  

 

Mixed-species woodlands are an ecological example of an adaptable system that 

safeguards the survival of the whole system by allowing for change through 

variety. A mixed woodland can respond to climate change more readily than 

single-species woodland. If a change takes place that destroys one species, then the 

system as a whole will be affected but not destroyed, as another species will fill 

the gap left, either as an immigrant to the system or by expanding within the 

system. If the same destruction was to occur in a single-species plantation, the 

whole system will be destroyed. Cooper (2000, p.10) draws an analogy between 

single/mixed-spices woodland and single/mixed-use zone in a city and writes: 

„Translating this ecological example to urban design, the single-species 

area could relate to single-use zone in a city, or a company town, if its 
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economic base collapses then so does the area as a whole, it then requires 

a larger scale alteration to again become viable. Eventually the city as a 

system will re-colonize the area but it will take much longer than if the 

area had contained a mixture of uses and building types.‟  

 

The unpredictable morphological change occurring in „a redevelopment of a plot 

or a series of plots within the existing street system without the introduction of 

new streets‟ – known in Conzenian terminology as „adaptive redevelopment‟ – 

explicitly reveals the ability of a city system to adapt to the new situations in its 

environment (Larkham and Jones, 1991, p.13; see also Conzen, 1962). Figure 3.11 

illustrates an example of adaptive redevelopment, in which the street system has 

evolved without pre-design in respond to changing uses over time. 

 
Figure 3.11: Adaptive redevelopment in central Newcastle upon 

Tyne (Larkham and Jones, 1991, p.13) 

 

3.2.2.10 Interconnectedness (Synergy):  

„Cities present situations in which several dozen quantities are 

varying simultaneously in subtly interconnected ways‟ (Jacobs, 

1961, p.433) 

 

Another feature of nonlinear complex systems is interconnectedness. It indicates a 

quality similar to what is called synergy in management and organisation theory 

referring to the benefit of group working (Flood and Carson, 1993). The 

components of a complex system are connected closely together at the local level 
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and to the environment at the global level (figure 3.12). Philips (1994, p.6) writes 

that „a nonlinear system is woven into its environment so closely that we now 

speak of co-evolution – the system, and its environment evolving together‟ (quoted 

in Cooper, 2000, p.10). 

 

Jane Jacobs (1961) argued that a city is fundamentally a living organism with 

complex inter-linkages and holistic behaviour. Alexander‟s theory of pattern 

language describes well the interconnectedness characteristics of a city system. 

Alexander et al (1977) suggested that buildings, neighbourhoods, cities, and 

metropolis, are the product of a language of patterns. According to his theory, 

doors, windows, buildings, squares, neighbourhoods and cities, are interconnected 

by “patterns” in a way similar to words, concepts, sentences, paragraphs, chapters, 

and stories. A natural spoken language has a set of elements (words), and a set of 

rules, which define the possible arrangements of words. In an urban context, „each 

pattern is a rule, which describes the possible arrangements of the elements‟ and 

even the arrangements between patterns (Alexander, 1979, p.185). As in spoken 

language, the built environment is the product of a conversation between a large 

number of elements and pattern languages, which are the means with which they 

are interconnected.  

 

3.2.2.11 Hierarchy and levels of scale:  

„It is not the complexity itself that is important; it is the level of 

that complexity that is important‟ (Cooper, 2000, p.11). 

 

A complex system self-organises by creating an ordered hierarchy of 

interconnections on several different levels of scale. Figure 3.12 shows a 

hierarchical organization at a number of levels, which is a logical representation of 
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complex phenomena as systems of subsystems. A simple example of a hierarchic 

structure can be observed in a city street network. The organisation network 

formation follows a strict order: starting from the smallest scales (footpath), and 

processing up to the higher scales (roads of increasing capacity). 

 
Figure 3.12: Interconnectedness and levels of hierarchy. a) A subsystem, b) a 

complex system of some sub-systems, c) the hierarchy of complex systems within 

an environment, and d) the hierarchical environments within a wider environment. 

(Flood and Carson, 1993, pp.9-17) 

 

However, a hierarchical structure does not always create complexity. Alexander 

(1965) defined two types of hierarchy: the tree and the semi-lattice. Both the tree 

and the semi-lattice are ways of thinking about how a large collection of many 

small elements or sub-systems goes to make up a system with hierarchical 

structure, but only the latter leads to complexity. In the tree structure, each 

subsystem is fully independent from all other subsystems of its level, and it can 

thus interact with them only via higher order subsystems (figure 3.13, right). In the 

semi-lattice structure, however, there are overlaps between subsystems of the same 
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order, so that interaction can occur vertically, horizontally and in oblique fashion 

(figure 3.13, left). As noted by Alexander (1965), it is not only the overlap which 

makes the difference, but more importantly, the semi-lattice is potentially a much 

more complex and subtle structure that the tree. He writes: 

„... a tree based on 20 elements can contain at most 19 further subsets of 

the 20, while a semi-lattice based on the same 20 elements can contain 

more than 1,000,000 different subsets‟ (Alexander, 1965; quoted in 

LeGates and Stout, 1996, p.122). 

 

 

 
Figure 3.13: Alexander‟s semi-lattice hierarchy (left) as compared with the 

tree-like hierarchy (right). (LeGates and Stout, 1996, p.122) 

 

Such a hierarchy (the semi-lattice) can rarely be established all at once, and if any 

connective level is missing, the urban web is pathological (Salingaros, 2005).  This 

also echoes Jane Jacobs‟ (1961) notion about „problems in organised complexity‟ 

in which, „those areas seen as unsuccessful will be those that have source-rules 

that break down or simplify the natural level of order necessary for healthy urban 
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development‟ (Cooper, 2000, p.11). Alexander (1965) claims that our modern 

attempts to create cities (e.g. Levittown, Chandigarh, and the British New Towns) 

create mostly a tree like hierarchy and therefore are less successful as compared to 

those with semi-lattice structures which have arisen more organically over many, 

many years (e.g. Siena, Liverpool, Kyoto, and Manhattan).  

 

3.2.2.12 Self-similarity and Fractal pattern (the image of complexity): 

From a morphological point of view, the most interesting characteristic of a 

chaotic complex system – and probably the most important one – is self-similarity, 

which has been termed „fractal‟ by Mandelbrot (1983). Gleick (1987, p.103) 

wrote, „Self-similarity is symmetry across scale. It implies recursion, pattern inside 

of pattern…. when a chaotic system is represented graphically, the resultant object 

is fractal‟. Symmetry across scales means that the patterns or images that appear at 

each level of scale in a complex system are self-similar to the whole. The 

elements, which form these patterns, are interconnected in a nonlinear way 

exhibiting non-integer dimensions not explicable by Euclidean geometry. This is 

the geometry of nature (Mandelbrot, 1977, 1983); the image of chaos (Gleick, 

1987, 1990); or „the geometry of complexity‟ (Alexander, 2002b, p.180).  

 

All complex systems consist of such patterns with „generated structure‟. According 

to Alexander (2002b, p.180), „it is a fundamental law for creation of complexity‟ 

and he explains that „a generated structure is something that has a certain deep 

complexity and is created in some way that appears to be almost biological, and 

reaches deeper levels of subtle structure than those we commonly associate with 

design or designed objects. This is the particular visible physical character of 
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complexity. It may be identified as the sign that a complex system has been made 

by a generated and nonlinear process.  

 

 

A clear example of the process of generating fractal patterns can be observed in 

the logistic equation. In part one of this chapter, it was explained that such a 

pattern is the result of the feed back process in an open system.  As shown earlier 

in figure 3.8, the patterns on smaller scales are similar to the original pattern 

appearing as a whole. In other words, the whole pattern repeats itself at its smaller 

scales. Bhutta (1999, unpaginated) writes: 

„Mathematically, fractals are pictures that result from iterations of 

nonlinear equations, usually in a feedback loop. Using the output 

value for the next input value, a set of points is produced. Graphing 

these points produces images. Again, by creating a vast number of 

points using computers, mathematicians discovered these wonderfully 

complex images, which were called fractals.‟  

 

Barnsley (1993) suggested that the examples of fractal patterns could be found 

everywhere from the microstructure of organisms, bacteria, crystals, flowers, 

feathers… to mega-structure of clouds, Mountains, coastlines, galaxies, etc. In the 

introduction of his book, Fractals Everywhere, he claimed that „one would see 

everything differently, once he could speak with the new language of fractals‟. As 

this property of complexity is our focus, the definition, meaning, and examples of 

fractal geometry in real life – in general – will be explained in the next part of this 

chapter and its application in architecture and urban studies will be elaborated in 

the next chapter.   

 

 



Chapter Three: Complexity, chaos, and fractal geometry   

 

www.toofanhaghani.com 104 

3.3 Part Three: Fractals; Geometry of Complexity 

„This is a geometry of order on many scales, a geometry of organised complexity‟ 

(Batty and Longley, 1994, p.57). 

 

As discussed in the previous part, the fractal property can be understood as 

one of the characteristics of complex systems, and therefore, can be identified 

as „the image of chaos‟ or „the geometry of complexity‟. The theory of 

fractals has been developed in parallel to chaos and complexity theories, but 

not necessarily by scientists with the same background. For instance, while 

the meteorologist, Lorenz (1963), is one of the pioneers in studying chaos, the 

mathematician, Benoit Mandelbrot (1977), is well known for his discovery of 

fractals as the real geometry of the nature. This research attempts to explore 

the overlaps of these parallel studies to enhance a better understanding of 

complexity theory.  

 

Fractal structures have existed in many real world areas, such as the weather, 

the stock market, the universe, clouds, etc. An increasing number of papers 

on fractals appears in journals, books, conference outcomes and so on. 

Scientists and researchers of different backgrounds, from pure or applied 

sciences to arts, hold seminars and conferences to share their findings on 

fractals. These attempts demonstrate that our knowledge of fractal theory is 

gradually improving and is by no means complete. What follows is a general 

review of the theory of fractals, explaining the main concepts behind fractal, 

as opposed to Euclidean, geometry. It then focuses on calculating fractal 

dimension as a mathematical means of measuring the level of physical 

complexity that a fractal object exhibits.  
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3.3.1 Fractal; Terminology, meaning and definition:  

A child draws a cloud, a smoothly rounded bulk, perhaps with wavy 

or scalloped edges. A child‟s tree is a green mass sits atop a brown 

trunk. As children or adults, we own a repertoire of such stylized 

form. Our mental lightning bolts are Z‟s; our volcanoes are inverted 

and decapitated cones; our rivers are lines. Nature‟s objects are not so 

simple… These are not what really exist in the nature. The rivers, the 

clouds, the snowflakes of our usual perceptual tool kits miss much of 

nature‟s complexity (Gleick, 1990, unpaginated). 
 

One wintry afternoon in 1975, seeking an appropriate word for his discovery, the 

mathematician, Benoit Mandelbrot, came across a Latin word, the adjective 

fractus, from the verb frangere, which could be defined „to break‟. „The resonance 

of the main English cognates – fracture and fraction – seemed appropriate‟; 

therefore, „Mandelbrot created the word (noun and adjective, English and French) 

fractal‟ (Gleick, 1987, p.98). The term also implies the meaning „irregular and 

fragmented‟, which Mandelbrot found to be useful, describing the objects which 

seemed to us irregular in geometric terms. He showed that many of irregular and 

fragmented patterns around us in nature could be described by fractal geometry. It 

helps us to study those forms that Euclid leaves aside as being formless or 

morphologically amorphous. While we use classical geometry to communicate the 

designs of technological products and a first approximation of physical objects, 

fractal geometry describes the forms of natural creations. Therefore, it can be 

claimed that „fractal geometry is an extension of classical geometry‟ (Barnsley, 

1993, p.1). 

 

Bhutta (1999) suggests that there are two important properties of fractals by which 

the term can be defined: self-similarity and fractional dimension. Based on the first 

property (self-similarity), a useful definition is provided by Feder (1988, p.11): „a 

fractal is a shape made of parts similar to the whole in some way‟. In another 
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words there is self-similarity over different scales of a fractal object. However, 

based on the second property, „fractal‟ can be defined as: „Every set with a non-

integer dimension is a fractal‟ (Mandelbrot, 1983, p.15). While our minds have 

become used to the conventional integer dimensions of Euclid over the last 2500 

years, Mandelbrot suggests that most objects around us in nature exhibit non-

integer dimensions, called fractal dimensions. The next section explains the notion 

of non-integer fractal dimension, as it is an essential part of understanding the 

theory and its applications. 

 

3.3.2 Fractal Dimension 

The term „fractal dimension‟ indicates that there are fragmented or “non-integer” 

dimensions in nature, as opposed to the “integer” dimensions of Euclidean objects 

(one, two or three dimensions and so on). We all remember that „the line has one 

dimension, length; the plane has two dimensions, length, and width; the cube has 

three dimensions, length, width, and height‟ (Cooper, 2000, p.40).  Koch (1993) 

provides the following illustration (figure 3.14) to show the difference between 

integer and non-integer dimensions. 

 

 
Figure 3.14: the conventional integer dimensions known as 

Euclidean dimensions (Koch, 1993, reproduced in Cooper, 

2000, p.40) 
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As figure 3.14 shows, there is a logical scaling relationship between the whole size 

of a Euclidean shape and its subdivisions, by which mathematically one could find 

the dimension of an object. The following simple equation shows this relationship 

(Bovill, 1996, p.27): 

 

S

N
D

1
log

log
  or; 11)(loglog  SND        (Equation 3.4) 

The above equation reveals the power law relationship between the number of 

elements existing in different scale of an object; where D represents „Dimension‟, 

N shows „Number of elements‟ countable at a specific scale, S means the 

respective „Scale‟ of an object. For example, to find a dimension (D value) of a 

square shape, we can divide a square into nine (N=9) equal smaller squares (as 

shown in figure 3.14) in which each smaller square is similar to the whole at the 

scale of one third (S=1/3). Placing the values of N and S in the equation, the result 

will be two (D=2) which implies that this shape is two-dimensional.   

2
3log

9log

3/1

1
log

9log
D                                 (Equation 3.5) 

If we examine the square shape at other scales (1/4, 1/5, etc), the result will not 

change and remain at the integer dimension of two. If we repeat the calculation for 

a line shape and a cube shape, the equation shows the values of one and three for 

D (D=1, and D=3) respectively, which are again integer. However, in a fractal 

shape the result of calculating its dimension ( fD ) will be usually non-integer. 

Figure 3.15 provides a classical example of fractal shape known as the „Koch 

Curve‟.  
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Figure 3.15: The Koch curve (Peitgen et 

al, 2004, p.89) 

 

The Koch curve clearly manifests the property of self-similarity at its different 

sizes and scales. Any one-third part of the curve is similar to the whole image. The 

figure shows five levels of the shape‟s complexity. Comparing any two sequential 

levels reveals that the curve repeats itself 4 times (N=4) at any 1/3 section (S=3). 

According to Euclidean Law, any line has one dimension (D=1) irrespective to be 

straight or curvy. However, Mandelbrot (1983) argued that nearly all fractals 

represent higher dimensions ( fD > D) and, in the case of the Koch curve, fD = 

1.26. A non-integer fractal dimension such as the Koch curve can be calculated by 

equation 3.4 in the following way: 

 

 

(Equation 3.6)    

 

Fractal objects exhibit different dimensions as they unfold in the space. In the 

physical world, their dimensions may vary between 0 < fD < 3. For instance, 
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fractals illustrated in figures 3.16, 3.17, and 3.18  represent the values of 0.6309, 

1.8928, and 2.7268 respectively.  

 

Figure 3.16 illustrates another classic example of a fractal known as the Cantor set 

(also called the Cantor dust). Mandelbrot saw the Cantor set as a model of the 

occurrence of errors in an electrical transmission line (Gleick, 1987). The 

paradoxical qualities of error and error-free periods in electronic transmissions 

were a concern of mathematicians in the 19
th

 century. It is generated by repeatedly 

removing one-third from the centre of a line with one unit length. In other words, 

as Gleick (1987, P.93) instructed, „Begin with a line; remove the middle third; then 

remove the middle third of the remaining segment; and so on‟ (figure 3.16). 

 

 
Figure 3.16: The Cantor set. (Mandelbrot, 

1983, p.80) 

 

In the Cantor set, at each one-third section (S=1/3), there are only two segments 

(N=2). Therefore, based on the logarithmic equation 3.4, its fractal dimension will 

be approximately 0.6309 ( fD ).  

fD = log 2/log 3  0.6309  (Equation 3.7) 

A few mathematicians in the early 20
th

 century conceived monstrous-seeming 

objects made by the technique of infinitely adding or removing many parts. For 
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instance, in 1916, Wraclaw Sierpinski (1882-1969) developed two abstract fractal 

shapes, the Sierpinski triangle, and Sierpinski carpet. Both are essentially flat, but 

have three-dimensional analogues (Mandelbrot, 1983). The Sierpinski carpet 

(figure 3.17, left), can be constructed „by cutting the centre one-ninth of a square‟ 

(Gleick, 1987, p.101).  Then the remaining parts will be equal to eight; again 

cutting out the centres of the eight smaller squares; and so on. 

 

 
Figure 3.17: The three steps of generating the Sierpinski carpet (Left) and its 

three-dimensional analogue – called the Menger sponge. (Mandelbrot, 1983, 

pp.144-145) 

 

 

Each of eight (N=8) is similar to the original square but one third smaller (s=1/3). 

Therefore, its fractal dimension will be 1.8928. 

fD = log 8/log 3   1.8928  (Equation 3.8) 

The three-dimensional analogue of the Sierpinski carpet is called the Menger 

sponge (figure 3.17, right), a solid-looking lattice that has an infinite surface area, 

yet zero volume. The number of similar cubes at each level of its third scale 

(s=1/3) will be 20 (N=20), and therefore its approximate dimension is 2.7268. 

 fD = log 20/log 3   2.7268  (Equation 3.9) 

Figure 3.18 (left) illustrates the three steps of generating the Sierpinski triangle and 

its three-dimensional analogue. A triangle\pyramid is repeatedly divided into four 

congruent triangles and the centre triangle is removed. Therefore, in the case of 
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Sierpinski triangle three (N=3) similar triangles will be the result at half-scaled 

level (S=1/2). Thus its fractal dimension is approximately 1.5849.     

fD = log 3/log 2   1.5849  (Equation 3.10) 

 
Figure 3.18: The Sierpinski triangle (Left) and its three-

dimensional analogue (a fractal skewed web). (Mandelbrot, 1983, 

pp.142-143) 

 

In some rare cases, a fractal object may have an integer dimension. For instance, 

the skewed web showed in figure 3.18 (right) is a fractal with the dimensional 

value of two ( fD = 2). It is the three-dimensional analogue of the Sierpinski 

triangle, but the number of similar pyramids at each level of its constructs is four 

(N=4) at any half-scaled levels (S=1/2), and therefore, according to the logarithmic 

equation, its fractal dimension is exactly two. 

fD = log 4/log 2 = 2   (Equation 3.11) 

 

3.3.3 Types of Fractals  

Fractal geometry involves identifying systems in which elements are repeated in a 

similar fashion from scale to scale (Batty and Longley, 1994). If this similarity is 

strong in a geometric sense, then it is referred to as self-similarity or in its weaker 

form as self-affinity. Fractals can be well typified by the degree of similarity or 
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randomness that they exhibit in terms of “linear self-similar fractals” or 

“nonlinear self-affine fractals” (see also Mandelbrot, 1983, pp.166-167). 

 

3.3.3.1 Linear fractals (Self-similar fractals):  

Mandelbrot (1983, p.166) suggested that the study of „fractal geometry must begin 

by dealing with the fractal counterparts of straight lines… called linear fractals‟. 

He defined them as „fully invariant under similitude or, at least, nearly self-

similar‟. According to Gleick (1988, pp.21-22), linear fractals are classical fractals 

and „if you look at a very small part of a fractal‟s overall shape; it looks exactly 

like the original fractal, only smaller‟. These types of fractals can be constructed 

mathematically through some simple rules defined by one or more equations. That 

is why they are also called mathematical fractals.  Cooper (2000, p.41) writes that 

„mathematical fractals are mathematical constructs, objects formed by the 

repetition of a simple geometric instruction‟. 

 

The Koch curve, Cantor set, Sierpinski carpet, and the Menger sponge – described 

earlier as classical fractals – are examples of linear fractals. The Koch snowflake is 

also another example of this type, which can be constructed by arraying of three 

Koch curves around a triangle (figure 3.19). To construct it, „…begin with sides of 

length 1. At middle of each part, add a new triangle one-third the size; and so on‟ 

(Gleick, 1987, p.99). The repetition of this simple rule creates an amazing 

structure similar to a snowflake.  An interesting thing about a fractal shape is that 

the boundary length is infinite. In the case of the Koch snowflake, the length of its 

boundary is 3 x 4/3 x 4/3 x 4/3…- infinity. Yet its area remains less than the area 
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of a circle drawn around the original triangle. Thus, an infinitely long line 

surrounds a finite area (Gleick, 1987).  

 

 
Figure 3.19: The Koch snowflake (above), which is the triangular 

version of the Koch curve (below). (Gleick, 1987, p.99) 

 

 

3.3.3.2 Nonlinear Fractals (Self-affine fractals):  

It might be argued that fractals are fully invariant under the notion of self-

similarity. However, according to Mandelbrot (1983, p. 166), „such is emphatically 

not the case‟. In some cases, varying regions of a fractal object appear as twisted 

or skewed scale copies of the original, while still other regions have shapes that 

bear no resemblance to the original. In fact, „objects which are stretched or 

distorted and scaled in the manner of fractals at successive scales are still fractals 

in our use of the term, although their scaling is said to embrace the property of 

self-affinity rather than self-similarity‟ (Batty and Longley, 1994, p.63). Therefore, 

they are called self-affine fractals. As Wahl et al (1998, pp.22-23) explain, „the 

overall appearance of a nonlinear fractal closely resembles some of its smaller 

parts, but always with some variation‟. 
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Since the shape of this type of fractals is generated by a nonlinear transformation, 

they are also called nonlinear fractals. In a linear fractal, the calculated fractal 

dimension remains constant at all scale levels, while it varies in a nonlinear one. In 

fact, the randomness is part of the formation process of this type, which creates 

this variation (Wahl, 1998). That is why the fractal dimensions exhibited by 

different parts of a nonlinear fractal are usually varied. Random fractals, „natural, 

stochastic, or statistical fractals‟ are the other names given to this type of fractals 

(Cooper, 2000, p.41). 

 

 
Figure 3.20: Bifurcation in a bush as an example of natural fractals. 

(Lorenz, 2003, unpaginated) 

 

 

Nonlinear fractals can be divided into two groups: mathematical fractals and 

natural fractals. Many nonlinear fractals look organic – as can be seen in biological 

forms (e.g. human lungs) or in many other organically shaped phenomena in 

nature. Bifurcation in a bush displays the self-similar characteristics of a natural 

fractal object (figure 3.20). The whole tree displays irregularity in Euclidean terms 

but made up smaller similar versions of it as you zoom in on any branches. These 

branches are themselves made up of smaller similar versions but, in fact, are not 

exactly the same. 
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Today, many of the fractal phenomena in nature can be mathematically 

constructed through advanced computer simulation techniques. Mathematicians 

and experts in computer simulations have succeeded in modelling the self-

similarity existing in nonlinear natural fractals through simple mathematical 

equations (e.g. Wahl et al, 1998; Russ,1994). As nonlinear fractals are derived 

from the equations that do not produce straight-line segments, in order to 

generate them, one must specify a generator and diverse other rules (Mandelbrot, 

1983). The Mandelbrot set and Julia sets are the classical examples of 

mathematically generated fractals (figure 3.21). According to Cooper (2000, 

p.43), „in mathematical fractals, this self-similarity can be repeated over an 

infinite number of scales, while in natural fractals it is repeated over a limited 

number of scales‟. In the case of the bush, for example, its self-similarity is only 

four levels deep. 

 

 
Figure 3.21: The Mandelbrot set (left), and the Julia sets (right) as examples of 

nonlinear mathematically generated fractals.  (Left, Mandelbrot, 1983, p.188; Right, 

Gleick, 1987, p.222) 

 

„A set of converging points of a plane when tested with the equation Z = 2Z  

C (equation 3.5), creates the Julia sets with varying Z values (figure 3.21, right) 

(Wahl et al, 1998). The Julia sets are calculated by iteration with a programme 
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that repeated the feedback loop (Gleick, 1987). To iterate them, an initial value 

is selected and will be applied to a fixed operation repeatedly, until some 

desired patterns are obtained. Different patterns usually appear through the 

equation 3.5. The resulting patterns either „converge to a certain point or grow 

without bound escaping to infinity‟ (Wahl et al, 1998, p.111). 

 

In 1979, Mandelbrot discovered that he could create an image (the Mandelbrot 

set) in the complex plane that would serve as a catalogue of all Julia sets 

(figure 3.21, left). To iterate the Mandelbrot set, a constant Z value with 

varying C values is tested through the equation 3.5. To test a point, take an 

initial number (Z); square it ( 2Z ); add the original number (C); square the 

result; add the original number; square the result and so on. „If the total runs 

away to infinity, then the point is not in the set. If the total remains finite (it 

could be trapped in some repeating loop, or it could wander chaotically), then 

the point is in the set‟ (Gleick, 1987, p.224; for more detailed explanation see 

also Mandelbrot, 2004).  

 

By repeating the above procedure, „the Mandelbrot set emerges‟. In 

Mandelbrot‟s first crude computer printouts, a rough structure appeared. As the 

quality of computation improved, he could gain more detail. Interestingly, the 

resultant pattern in the Mandelbrot set is the index of all Julia sets in which 

„each point on the Mandelbrot set corresponding to an individual Julia set‟ 

(Wahl et al, 1998, p.121).   
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3.3.4 Fractal generators 

The fact, which should be emphasized again, is that fractal objects usually 

originate from very simple shapes at the initial level of their hierarchical structures 

by which their formation at different levels is determined. These simple shapes are 

called „generators‟ (Mandelbrot, 1983). We can easily find the generators of the 

previous examples given for linear fractals (e.g. see the level one in figure 3.20 or 

the step one in figure 3.15). However, when there are random orientations in the 

structure of a fractal object (in the nonlinear type), it might be a little more 

difficult to perceive the self-similarity at a glance and recognize its pattern 

generator (e.g. in Julia and Mandelbrot sets).  

 

 
Figure 3.22: Random Koch curves created through 

random selection of two simple generators. (Wahl et 

al, 1998, p.143) 
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In some nonlinear fractals, there may be more than one generator allowing random 

orientations in the process of generating them. Random distribution of one or more 

fractal generators can turn even a linear fractal to nonlinear one. Wahl et al (1998, 

p.143) illustrate an experiment of this with a Koch curve (figure 3.22). 

 

Coastlines are the popular examples of randomly generated fractals. Mandelbrot 

(1983, pp.210-245) illustrated some mathematically constructed coastlines and 

islands with random walk generators (figure 3.23). Their shapes are similar to the 

random Koch curves. It can be claimed that the random Koch curve „has much of 

the complexity which we would see in a natural coastline - folds within folds 

within folds, and so on‟ (Peitgen et al, 2004, p.88). Therefore, the boundary length 

of a coastline – as that was seen earlier in the Koch snowflake (figure 3.19) - is 

infinite, while the area bounded by the coastline remains finite. Mandelbrot (1983, 

p.25) stated that „coastline length turns out to be an elusive notion that slips 

between the fingers of one who want to grasp it.‟ 

 
Figure 3.23: Random coastlines. The Squig Curve (Left), the Squig Coastline 

(middle), and the Squig Island. (Mandelbrot, 1983, pp.228-230) 

 

The reason for such an elusiveness lies in the fact that more and more details 

appear as one observes a fractal phenomenon from closer and closer distances. For 

instance, looking down on the coastline of Britain from a great distance one cannot 
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see all the small inlets which will come up in a closer observation – for example 

when walking along the beach. Therefore, measuring the length of the coast of 

Britain becomes varied at the various scales (see figure 3.24, section 3.3.5.1).  

 

The boundaries of cities are similar to the outlines of the coasts – e.g. the 

changeover from the city to the natural environment, from high-density built-up 

areas to low-density areas, from regions of dwelling houses to regions of one-

family houses, and so on (Lorenz, 2003). Hence, if one wishes to compare 

different fractal boundaries from the viewpoint of their extent, „length is an 

inadequate concept‟ (Mandelbrot, 1983, p.25). Instead of the length, measuring the 

fractal dimension suggests a more valid base for such a comparison. 

  

3.3.5 Methods for measuring fractal dimension 

There are several methods for calculating the fractal dimension(s) of a complex 

shape. Based on the type of the shape or structure we are dealing with (nodes, 

lines, boundaries, curves, surfaces, spaces, etc), one or more of the following five 

methods might be appropriate:  

1. Box Counting method (grid dimension) 

2. Structured Walk method (ruler dimension) 

3. Perimeter-Area method 

4. Information dimension method 

5. Mass dimension method 

 

All of the above methods follow the same principle built on the logarithmic 

equation 3.4 and seek to formulate a power law relationship between the size (e.g. 
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length, area, volume) and the various scales at which the fractal dimension of an 

object is measured. Among these methods, Box Counting and Structured Walk 

methods have wide applicability in measuring fractal dimensions of urban forms 

including urban patterns and city boundaries, which are the focus of this research 

at the empirical stage. An explanation for these two methods is given below (see 

appendix B for a brief explanation of other methods).  

 

3.3.5.1 Box counting method (grid dimension): 

The box dimension is defined as the exponent 
bD in the following relationship: 

Dbd
dN

1
)(   or      

d
ND db

1loglog    (Equation 3.12) 

In equation 3.12, N(d) is the number of boxes of linear size d necessary to cover a 

data set of points distributed in a two-dimensional plane. The basis of this method 

is that, a number of boxes proportional to 1/d are considered to cover a set of 

points lying on a smooth line, and proportional to 2/1 d  to cover a set of points 

evenly distributed on a plane, and so on.  

 

This dimension is sometimes called the grid dimension, because for mathematical 

convenience, the boxes are usually part of a grid. It is obviously a very difficult 

computational problem to find the configuration that minimizes N(d) among all the 

possible ways to cover the set with boxes of size d. Instead, one could define a box 

dimension where the grid is placed at any position and orientation, to minimize the 

number of boxes needed to cover the set.   
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Figure 3.24: The fractal dimension of the coastline of Britain using Box Counting method 

(Lorenz, 2003, unpaginated) 

 

In practice, bD can be measured using various map scales or varying the box sizes 

(d values) while the scale of the map is maintained. To obtain points that are 

evenly spaced in log-log space, it is best to choose box sizes d that follow a 

geometric progression (e.g. d = 1, 3, 6, 12,...), rather than use an arithmetic 

progression (e.g. d = 1, 2, 3, 4,...). For example, the Box Counting dimension of 

the coastline of Britain (figure 3.24) can be measured using varied sizes for d 

(1/3d, 1/6d, 1/12d…) as reflected in table 3.2. The average of the dimensions 

calculated for five levels of scale will be 1.241. 

 

level unity size "1/d" log 1/d "N" pieces log(N) Box dimension 

1 d(1)= 1/3 0.477 N(1)= 12 1.079 bD  

2 d(2)= 1/6 0.778 N(2)= 28 1.447 D(d1-d2)= 1.222 

3 d(3)= 1/12 1.079 N(3)= 77 1.886 D(d2-d3)= 1.459 

4 d(4)= 1/24 1.380 N(4)= 157 2.196 D(d3-d4)= 1.028 

5 d(5)= 1/48 1.681 N(5)= 374 2.573 D(d4-d5)= 1.252 

  bD (slope)= 1.241 

Table 3.2: The fractal dimension measured for the coastline of Britain using the 

Box Counting method. (Lorenz, 2003, unpaginated) 
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Graphically, the Box Counting dimension can also be calculated by 

transforming the result in the table 3.2 to a log-log graph. As shown in figure 

3.25, the number of boxes (
dN ) of linear size d, necessary to cover the whole 

boundary of Britain d, are counted; and the logarithm of 
dN (on the vertical 

axis versus, is plotted against the logarithm of 1/d (on the horizontal axis). The 

slope of the resulting line of the logarithmic graph is the fractal dimension of 

the image.  

 

In the most cases, the result is not a straight line. Only in a linear fractal with 

absolute self-similarity (e.g. the Koch curve, figure 3.19) in which the 

calculated fractal dimensions remain stable, the resultant line is straight. In a 

self-affine fractal (e.g. the random Koch curves, figures 3.22 and 3.24), the 

gradient of the line is varied at different examined scales. However, a 

replacement-line can be calculated for the latter (figure 3.25, right), which runs 

straight to represent the average of the dimensions measured at different scales. 

 

 

 
Figure 3.25: The gradient of the line in the log-log graphs indicates the fractal dimensions 

assessed at different scales. The gradient of a self-similar fractal (the Koch curve, left) is 

constant, while of a self –affine fractal (the coastline of Britain, right) is varied. 
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3.3.5.2 Structured walk method (ruler dimension): 

The Structured Walk is another method of estimating the fractal dimension of a 

jagged, self-similar line such as a coastline, a mountain ridge, or a city border. 

This method is also called ruler dimension ( rD ) defined through the following 

equation, where N(d) is the number of steps taken by walking a divider (ruler) of 

length d on the line. 

 

rD
ddN


)(  or,  
d

ND dr
1loglog      (Equation 3.13) 

In practice, to obtain Dr one counts the number of steps N(d) taken by walking a 

divider (ruler) of length d on the line, and plot the logarithm of N(d) versus the 

logarithm of d. It should be noted that in general, a ruler of length d will not cover 

exactly the line, but we will be left with a remainder.  

 

 
Figure 3.26: The fractal dimension of the coastline of Britain using the Structured Walk 

method (Lorenz, 2003, unpaginated) 

 

 

Referring again to the coast of Britain, the perimeter can be replaced by different 

polygons (figure 3.26). The first one (level 1) is a polygon with seven 300 km 

straight-line segments which amount to a total length of 2289 km (the length of 
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each segment equals to the radius of each circle drawn in figure 3.26). This total 

length of the polygon increases by 232 km if the single polygon-line is reduced to 

200 km (level 2). In the same way, 165 pieces of 25 km polygon-line are required 

to close the coastline, which enlarge the total length to 4120 (level 5). Therefore, 

the measured length of the polygons replacing the coastline increases when the 

scale, length of segments of polygons, becomes smaller. Table 3.3 shows the result 

of fractal dimensions measured with different walk-dividers using equation 3.13.  

level 
unit length 

"d" (km) 
1/d 

Number of 

segments 

"N"  

Length 

(km) 

Ruler dimension 

 

1 d(1)= 300 1/300 N(1)= 7.63 2289 rD  

2 d(2)= 200 1/200 N(2)= 12.6 2521 D(d1-d2)= 1.239 

3 d(3)= 100 1/100 N(3)= 29.1 2906 D(d2-d3)= 1.205 

4 d(4)= 50 1/50 N(4)= 67.1 3360 D(d3-d4)= 1.209 

5 d(5)= 25 1/25 N(5)= 165 4120 D(d4-d5)= 1.291 

  rD (slope)= 1.231 

Table 3.3: The fractal dimension measured for the coastline of Britain using the 

Structured Walk method. (Lorenz, 2003, unpaginated) 

 

Lorenz (2003) writes that as the straight-line segments are getting smaller and 

smaller, the polygon representing the coastline of Britain more and more 

approaches its shape as can be seen in the real world. It also means that the 

exactness of a map of Britain depends on the scale of the map and limits to the size 

of the single straight-line segments used to draw that map. The replacement 

polygons are similar to the iterations of mathematical fractals, where the fractal 

curve is getting longer and longer from one iteration step to the next (e.g. the 

iteration steps creating the Koch curve, figure 3.15). 
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3.3.6 Fractals in everyday life 

What is the information content of a picture? Measures, pictures, 

dreams, chaos, flowers – the hours of the days keep rushing by; do 

not let the beauty of all these things pass by too (Barnsley, 1993, 

unpaginated). 

 
 

The advice given by Barnsley (1993) for a desired daily experience can be 

interpreted as a recommendation to see fractals in our environment. He suggests that 

fractal dimension, as the density of occupation, gives an indication of the liveliness 

of a space. Crompton (2001, 2006) expands this further and shows what happens if 

we explore our everyday environment and perceive it fractally. He suggested that „if 

the size of a space is measured by counting the number of places available for 

particular activity, rather than using an absolute measure such as the square metre, 

then small people may find the world larger‟ (Crompton, 2001, p.243). 

 

Crompton compared the result through the power law logarithmic relationship 

(Equation 3.4) to measure the fractal dimension of a space. He concluded that we 

might perceive the space as larger when we were younger. In other words, „the 

subjective size, to a certain extent, is independent of its area in square metres‟ 

(Crompton, 2001, p.253). Furthermore, Crompton (2001, pp.253-254) suggests that 

designers can create a usable space from nothing – that appears larger even for 

adults – by increasing the fractal dimension of space rather than increasing its metric 

size.    

 

Crompton (2006) has also found that our familiarity with a place influences our 

mental estimation of a walking distance, which is in fact another indication that our 

everyday experience of environment is fractal. He observed that estimates of 

walking distances up to 2 miles along a busy road
 
were correlated with the length of 
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time, between 2 and 26 months,
 
that participants had been acquainted with the route 

in question.
 
It was discovered that perceived distances increased the longer

 

participants had known them. 

 

Cooper (2000, 2003, 2007) carried out a series of projects to find linkages between 

fractals and the urban environment at street level. He believes that „fractal analysis 

of street vistas by calculating their fractal dimension assist us to gauge levels of 

visual variety [physical complexity] present in everyday streets‟ (Cooper, 2007, 

p.13). To validate the result, Cooper carried out a subjective in parallel to physical 

fractal survey, which led him to assess the homogeneity of visual variety 

perception.  

 

The above evidence implies that there is something in common between constructs in 

nature and the biological constructs of our mind, which encourage us to call them 

beauty. Mikiten et al (2000, unpaginated) claimed that „the brain is known to be a 

structured system of hierarchically-organized modules…, [and] the modules contain 

within them yet other sub-modules which communicate among themselves. This 

pattern is repeated at several different levels of scale, culminating in what is a 

molecular and biochemical fractal of interacting and communicating systems. In a 

similar way, we can conceive of the mind as consisting of self-similar complexes of 

hierarchically arranged modules linked together in a way that can be expressed 

according to some algorithms‟. They concluded that the systems of organization that 

characterize both mind and brain are at least partially fractal in nature. 

 

According to a conversation between Salingaros and Padrón (2000, unpaginated), 

„We are affected by what we see. Our environment affects us, and this may well be 
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why our mind is fractal, because our environment is fractal. Human beings have 

been surrounded by fractal structures for millions of years. A great deal of our 

mind's structure comes from this ancient relationship. It is only recently that we are 

surrounded by structures that are not fractal‟. There is no other experience better 

than realizing that something that has happened in our mind exactly corresponds to 

something that happens in nature (Donahue, 1999). Cooper (2000, p.41) writes that 

„it resonates to the way Mandelbrot believes nature organizes itself, that is also 

believed to be the way in which human perceive the world‟. The view that our mind 

responds to a degree of complexity is perhaps best summed up in the following 

statement by German physicist Gert Eilenberger: 

„Why is it that the silhouette of a storm bent leafless tree against and 

evening sky in winter is perceived as beautiful…The answer seems to me, 

even if somewhat speculative, to follow from the new insights into 

dynamical systems. Our feeling for beauty is inspired by the harmonious 

arrangement of order and disorder as it occurs in natural objects – in 

clouds, trees, mountain ranges, or snow crystals. The shapes of all these 

are dynamical systems jelled into physical forms, and particular 

combinations of order and disorder are typical of them‟ (Cooper, 2000, 

p.41; also quoted in Gleick, 1987, p.117). 

 

3.4 Chapter Summary 

According to the first stage of the research methodology (Chapter One, section 

1.3.2.1), the literature review aims to highlight the advantages of fractal concept as 

compared to the conventional Euclidean approaches towards urban pattern and form 

(aim a and b). This review provides a theoretical backbone for the empirical sections 

in the following chapters, where the applicability of the proposed fractal analysis 

method is examined (aim c). Chapter Two highlighted the failures of Euclidean 

principles in morphological analysis, suggesting that new theories are required that 

can deal with the complex nature of urban evolution. For this purpose, Chapter 
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Three attempted firstly to define the terms chaos, fractals, and the key vocabularies 

of complexity theory. Secondly, the relationship between fractals, chaos, and 

complexity was discussed. Thirdly, the differences between the mechanical and 

organic universe were highlighted to reveal the main concept behind complexity by 

which the theory might be better understood. More importantly, the characteristics 

of complex systems and their analogies with an urban system were identified to 

establish reasons why a city system should be viewed, studied, and treated as a self-

organising complex system. In the last part (Part Three), the chapter focused on the 

geometry of complexity – fractals. The notion of non-integer fractal dimensions was 

explained to reveal its potential to analyse the organic forms, which is more accurate 

than integer dimensions known in Euclidian geometry. 

 

In short, it can be concluded that both chaos and fractal theories are to be 

understood as subsets of complexity theory. While chaos theory explains the 

strange behaviour of the elements and components, which interact within a 

nonlinear complex system, fractal theory provides an explanation of the 

complexity emerging in the form and structure of such a system (see section 

3.2.2.12). Complexity theory and fractals have a wide applicability to many natural 

and artificial systems whose dynamics – the interactions of local agents – generate 

highly ordered global patterns. These theories explain the evolutionary dynamics 

of systems whose temporal and spatial “fingerprints” or “morphological 

signatures” are fractal. As cities exhibit the characteristics of complex systems, 

they are good candidates for the application of complexity and fractal theories, 

which is the subject of the next chapter. 


